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ABSTRACT: Current understanding of thermal rectification asserts that the rectification ratio 
(R), which measures the relative heat flux between two ends of a nanostructure, is determined by 
its geometric asymmetry. The higher the asymmetry, the higher the R. However, by using 
nonequilibrium molecular dynamics method we have calculated thermal transport in Si 
nanocones as an example, the results show that such an understanding may be incorrect and R 
may not increase monotonically with geometric asymmetry. Rather, R exhibits a sharp reverse 
when the vertex angle (θ) of the nanocone is approximately 90°. In other words, when θ > 90°, R 
decreases, rather than increasing. We show that this abnormal behavior is originated from a 
change in the thermal transport mechanism. At small θs, phonon transport is dominated by 
localized modes, especially for transport from tip to bottom. At large θs, however, these 
localized modes disappear, leading to R decrease. 
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1.  Introduction 
Phononics requires accurate control of phonons, just like the control of electrons [1-8]. 
Thermal rectification is an example of controlling phonon transport in a preferred direction. 
Based on thermal rectification phenomena, phononic devices like thermal transistors, thermal 
logic circuits and thermal diodes can be developed and utilized in nanoelectronic cooling as well 
as thermal memory and computations [5-7]. These great potential applications have made 
thermal rectification attracted considerable attentions [9-12]. 
Thermal rectification was first found at the interface of two bulk materials [13,14]. 
Different thermal conductivities of the two materials and thermal potential barrier at the 
interfaces are considered as the origination of rectification. In nanostructures, more factors can 
lead to rectification phenomena because their thermal properties are more sensitive to the 
external modifications. Therefore, not only two nanostructures can generate rectification by 
interface effect [9,15-19], but also one nanostructure can also generate rectification by non-
uniform mass-loading, asymmetric geometry, et al. [9,20-23].  
Recently, thermal rectification in nanostructures with asymmetric geometry has been a 
focus of study [22-25], because the recent advanced technology can fabricate various asymmetric 
structures easily. For example, it has been shown that, in a triangle graphene, there exists a 
thermal rectification. Moreover, the larger the graded geometric asymmetry, the larger the 
rectification ratio (R) [22,26]. Thermal rectification has been found in a three-dimensional (3D) 
pyramidal diamond, and a larger geometric asymmetry would increase R [24]. An asymmetric 
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three-terminal graphene nanojunctions we studied before also exhibits a strong thermal 
rectification, and the structures with larger geometric asymmetry has a higher thermal 
rectification [23]. These studies suggest the importance of asymmetry to rectification. In these 
asymmetric structures, thermal rectification is usually attributed to the different temperature-
dependence of the thermal conductivities of two sides and the different phonon spectra mismatch 
before and after reversing the applied temperature bias [24,27-29]. So, it seems that the higher 
the asymmetry, the higher the R. 
However, in this paper, we find that the relation between the asymmetric degree and the R is 
not the only case, by studying thermal transport in a three-dimensional (3D) Si nanocones with 
non-equilibrium molecular dynamics (NEMD) simulations. We find that R of the nanocones 
does not increase monotonously with the geometric asymmetry. A sharp transition takes place at 
the vertex angle θ≈ 90°. Before this point, R increases with the degree of asymmetry, similar to 
what has been reported in the literature. However, R decreases as θ > 90°, i.e., when the 
asymmetry becomes more drastic. Our analysis suggests that the transition is a result of having 
two competing thermal transport mechanisms: phonon transport in small-θ nanocones is 
dominated by localized modes, especially for the transport from nanocone tip to bottom. With an 
increase in θ, however, these localized modes gradually evolve into delocalized modes. Because 
the evolution speed of modes at the bottom is noticeably different from those at the tip, an exotic 
transition in R takes place.  
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2.  Method and model  
NEMD simulations are performed to obtain the thermal properties of Si nanocones by using 
the LAMMPS package [30]. Stillinger-Weber-type potential with both two- and three-body 
terms is adopted for the interaction between Si atoms [31,32]. The time step is 0.5 fs. To reach 
the non-equilibrium steady state, the system was relaxed for 60 ps under NVE ensemble. After 
50 ps, the temperature difference has reached the steady state. During this procedure, the total 
energy and average temperature both were fluctuating around targeted values. After then, 80 ps 
is used to calculate the results. The heat fluxes and thermal rectifications are calculated from at 
least four samples with different initial velocities and then obtain an averaged value for each 
calculation. 
FIG. 1. Schematic drawing of the Si nanocones with two different viewing perspectives. (a) The 
3D perspective with a round bottom and pointed tip. (b) The 2D vertical cross section with 
structural parameters. Here, r is the radius of the bottom, l is the length in the vertical direction 
and θ is the angle at the tip. The (red) ends denote contacting heat bathes. 
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Figure 1 shows Si nanocones, where l, r, and θ define its height, radius at the bottom, and 
vertex angle, respectively. There are two reasons to consider such structures: first, these 3D 
nanocones possess large geometric asymmetry because of the large area ratio between the 
bottom and tip of the cones. Second, these nanocones are a special type of Si quantum dots, 
which can be readily fabricated by epitaxial growth on Si(100) surface [33,34]. In our study, the 
tip and bottom of the nanocone are put in contact with two heat baths at Tt=T0�1-Δ�  and 
Tb=T0(1+Δ) , respectively, where T0 is the average temperature and Δ is the normalized 
temperature bias. The outside layers of the heat baths are fixed during the calculation to avoid 
spurious global rotation. For Δ > 0, a heat flux Jbt will flow from bottom to tip [see Fig. 1(b)]. 
For Δ < 0, on the other hand, are verse flux Jtb will flow from tip to bottom. If Jtb ≠ Jbt, then 
thermal transport across the nanocone is asymmetric. It means thermal rectification with: 
R=
Jbt −  Jtb
Jtb
×100%.                                                             (1) 
3.  Results and discussion  
To understand the relationship between geometric asymmetry and thermal rectification, 
thermal transport in nanocones of different θ is studied. The inset in Fig. 2(a) shows three side 
views for nanocones with θ = 45, 85, and 120°, respectively, where the length of the nanocone is 
fixed at l = 3.26 nm. The radius of the bottom is increased from r = 1.35 to 5.65 nm, as θ is 
increased from 45° to 120°. Figure 2(a) shows Jtb and Jbt as a function of θ for T0 = 300 K and |Δ| 
= 0.3. It shows that the geometric asymmetry always induces a larger Jbt than its inverse Jtb. 
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Hence, as expected, phonons prefer to transport from a wide bottom to a sharp tip, but not the 
other way around. What is unexpected, however, is that Jtb and Jbt can exhibit a very different 
dependence on θ, with θ = 90° being the inflection point. For θ < 90°, Jbt increases with θ 
considerably faster than Jtb. For θ > 90°, on the other hand, both Js increase fast with θ. This 
change leads to a qualitative change in R according to Eq. (1).  
 
 
 
 
 
 
 
 
 
 
 
FIG. 2. (a) Cross sections of nanocones with vertex angle θ = 45, 85 and 120°, respectively. In 
the plot, the vertical length l is fixed. Open bars (enclosed by dashed red lines) denote contacting 
heat bathes. (b) Heat fluxes Jbt and Jtb as function of θ. (c) Rectification ratio (left vertical axis) 
and normalized S+/S- (right vertical axis) as function of θ. In (b) and (c), l = 3.26 nm, T0 = 300 K, 
and |Δ| = 0.3. 
Figure 2(c) shows the relationship between R and θ (see solid line). For θ < 90°, R increases 
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with θ, because Jbt increases faster than Jtb. For θ > 90°, R decreases rather than increases with θ 
because of a large Jtb. These results indicate that in Si nanocones R does not increase 
monotonously with geometric asymmetry, which is at variance with the conventional theory.  
In order to determine the physical origin behind the unexpected results in Fig. 2, we first 
analyze the vibrational characteristics of the nanocones at different temperature biases (Δ > 0 and 
Δ < 0). The vibration density of states (vDOS) in the nanocone are nonuniform because of the 
asymmetric shape. One cannot find significant message if just compare the vDOS of the whole 
structure for opposite  Δ . Therefore, we compare the vDOS of tip and bottom regions after 
switching temperature, which is a common method used to explain thermal rectification in two-
segment structures and also in graded structures. The regional vDOS can be calculated from the 
Fourier transform of the velocity autocorrelation function [27,29,35]:  
vDOS(ω)= 1
√2π
� eiωt 〈� vj(t)vj(0)N
j=1
〉 dt,                                   (2) 
where vj is the velocity vector for particle j, ω is the vibration wavenumber, and N is the number 
of atoms in the region of interest. For the two sides of a nanocone, vDOS should be different 
because the temperature difference and geometric asymmetry. The overlap, 
S= ∫
v𝐷𝐷𝐷𝐷𝐷𝐷𝑏𝑏(𝜔𝜔)v𝐷𝐷𝐷𝐷𝐷𝐷𝑡𝑡(𝜔𝜔)𝑑𝑑𝜔𝜔∞0
∫ vDOSb(ω)dω∫ vDOSt(ω)dω
∞
0
∞
0
 ,                                    (3) 
of vDOS between the two sides provides an indirect measure of the phonon transmission spectra. 
A larger S usually suggests a larger heat flux. Therefore, the overlap ratio S+ S-⁄  is used to 
 8 
 
characterize the rectification properties [7,29,36], where the subscripts (+) and (-) correspond to 
Δ > 0 and Δ < 0. 
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Fig. 3. Vibrational density of states (vDOS) in the bottom (blue line) and tip (red line) regions, at 
two different temperature gradients, Δ = ±0.3. (a) θ = 45°, (b) θ = 85°, and (c) θ = 120°. The 
corresponding spectral overlaps S± are indicated. Same as in Fig. 2, l = 3.26 nm and T0 = 300 K. 
Figure 3 shows, for T0 = 300 K and |Δ| = 0.3, the vDOS for tip and bottom at θ = 45, 85, and 
120°, respectively, along with calculated S+ and S-. The vDOS profiles of thex three structures 
are considerably different. 
For the 45° nanocone in Fig. 3(a), numerous sharp and irregular peaks were observed on the 
spectra. Such peaks are usually caused by phonon localization on the surfaces. As the localized 
phonon modes occupy both the tip (red line) and bottom (blue line) sides of the 45° nanocone, 
especially on the tip side, they dominate the phonon transport. This results in a weak phonon 
transmission regardless Δ > 0 or < 0, which is supported by the calculated small S+ = 0.0997 and 
S- = 0.0906. Accordingly, both Jtb and Jbt are small, so is R. 
For the 85° nanocone in Fig. 3(b), on the other hand, the spectrum of the bottom side 
becomes smoother while that of the tip side still has a number of sharp and irregular peaks. This 
implies that, in the 85° nanocone, phonon localization at the bottom side has faded out, while at 
the tip side they are still somewhat localized. Meanwhile, one finds that the spectrum at the tip 
side is rather sensitive to the temperature, by comparing the red lines on the left and right panels 
of Fig. 3(b). For most frequencies, vDOS at Δ = 0.3 is larger than that at Δ = -0.3, especially in 
the low-frequency regime. Such a difference leads to a large difference between S+ and S-, 
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between Jbt and Jtb, and subsequently a large R. Hence, large R is a result of having different 
phonon modes at the two sides of the nanocone.  
For the 120° nanocone in Fig. 3(c), the spectra become smooth on both side. The difference 
in vDOS between the two sides becomes small. Hence, for the 120° nanocone, the delocalized 
phonon transport is taken over by delocalized phonon transport of the propagation modes. In this 
case, both S+/- and Jbt/tb are large to result in a small R. 
The above results indicate that the evolution of the phonon modes on the two sides of the 
nanocone with geometry is qualitatively different. With increasing θ, the change of the phonon 
modes from localized to delocalized is faster on the bottom side than on the tip side. One can 
quantify the different changes of phonon modes by plotting the overlap ratio S+ S-⁄  as a function 
of θ, shown in Fig. 2(c). The ratio coincides with the variation of R, confirming that the 
unconventional change in R is caused by the out-of-phase change in the phonon localization. 
Furthermore, the evolution speed of phonon modes is related to the increase of atoms numbers or 
volume on the two sides [24], which is reflected in the disappearance of sharp peaks and 
appearance of new peaks of vDOS. The increase of atoms numbers leads to the phonon modes of 
two sides changing from localized to delocalized, while the faster increase on the bottom side 
results in faster evolution of phonon modes. 
One may also examine the phonon localization from a different perspective by defining the 
phonon participation ratio [28,37,38]: 
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pλ
-1=N��� εiα,λ*
α
εiα,λ�
2
,                                                     
i
(4) 
where i runs over all N atoms, εiα,λ for a given phonon mode λ, is the α-component of the 
eigenvalue on the ith atom, and α = X, Y, and Z is the polarization. The calculated pλ is shown in 
Fig. 4. As expected, the nanocones generally have a smaller pλ than bulk, due to the presence of 
localized modes. Also due to increased delocalization, pλ monotonically increases with θ: for 
example, its mean value in Figure 4 is pλ = 0.5 for 45° nanocone, 0.6 for 85° nanocone, and 0.7 
for 120° nanocones, respectively. These results support the qualitative discussion of phonon 
localization modes in Figure 3. 
 
 
 
 
 
 
 
 
 
 
 
FIG. 4. Participation ratio pλ (defined in the text) of Si bulk and nanocones with θ = 45, 85, and 
120°, respectively, as functions of phonon frequency. 
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FIG. 5. Number of surface and interior atoms for θ = 85° nanocone, as a function of spring 
constant.  l = 3.26 nm. The value for bulk Si is also indicated. 
The phonon localization is also reflected in the surface-to-volume ratio (SVR) [39,40]. This 
is because surface atoms are placed in a different force environment than bulk atoms with fewer 
neighboring atoms. Therefore, the spring constants of the surface atoms and interior atoms are 
noticeably different. Figure 5 shows the spring constants for the 85° nanocone. It reveals that the 
spring constants for surface atoms are considerably wider than those for interior atoms. This 
difference in the force constants is the reason for localized phonon modes. In the nanocones, 
SVRs are inversely proportional to sin 𝜃𝜃2. Hence, the degree of phonon localization decreases 
with increasing θ. In addition, SVRs for the two sides of the nanocone are also different. The 
SVRs of tip are approximately inversely proportional to sin 𝜃𝜃2 , while those of bottom are 
approximately inversely proportional to tan 𝜃𝜃2. Therefore, the evolutions of the localized modes 
 13 
 
on the two sides of the nanocone with increasing θ are out of phase (as discussed above). 
To further understand the evolution of the phonon modes, we may visualize the energy 
spatial distribution of phonons in the overall structure, which is defined as [28,38,39]: 
Ei=∑ �n+
1
2
�ℏωDi(ω)ω ,                                                   (5) 
where n is the occupation number from Bose-Einstein distribution, and Di(ω)  is the local 
vibrational density of states (lvDOS): Di(ω)=∑ ∑ εiα,λ*α εiα,λδ�ω-ωλ�λ .  
FIG. 6. Energy spatial distribution for the two heat flow directions (Jbt and Jtb) at 0 ≤pλ≤ 0.4 and 
0.4 ≤ pλ≤ 1, respectively. (a) θ = 45°, (b) θ = 85°, and (c) θ = 120°. l = 3.26 nm, T0 = 300 K, and 
|Δ| = 0.3. 
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Figure 6 shows Ei for 45, 85, and 120° nanocones at T0 = 300 K and |Δ| = 0.3. Each energy 
spatial distribution is divided into two parts, one is the distribution of localized modes, i.e., sum 
of ω in Eq. (4) for 0 <pλ< 0.4, the other is the distribution of delocalized modes, i.e., sum of ω 
for 0.4 <pλ< 1.0. For the 45° nanocone, almost all phonon energies are gathered in the localized 
modes, as shown in Fig. 6(a). For Jbt, most phonons are localized on the surface of the sidewall 
of the nanocone. For Jtb, on the other hand, phonons are tightly localized at the tip of the 
nanocone. These localized phonon modes dominate the transport and thus the heat fluxes in the 
nanocones are small regardless the flux direction. However, there are still important difference 
between Jbt and Jtb: for Jtb, the localized phonons around the tip lead to a bottleneck effect in the 
transport from tip to bottom [28]. For the 85° nanocone, the difference of Ei in the tip and bottom 
becomes more pronounced (see Fig. 6(b)). For Jbt, the localized modes are only distributed on 
the surface of the side wall. The delocalized modes are, on the other hand, distributed throughout 
the nanocone. This implies a transport of large heat flux Jbt from bottom to tip. For Jtb, the 
bottleneck effect caused by the localized modes also exists, and hence the heat flux Jtb remains 
small. The large difference between Jtb and Jbt leads to a large R. For the 120° nanocone, Fig. 6(c) 
shows that most of the phonon modes are delocalized and phonon energies are distributed 
through the nanocone regardless the temperatures at the two sides. In this case, phonon transport 
is dominated by the propagation modes, which decreases R by increasing the denominator in Eq. 
(1). From these discussions, one can further conclude that the evolution speeds of phonon modes 
on the two sides are different.  
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In addition, the transition can also be interpret from another point of view. We can define a 
ratio of volumes 𝑟𝑟𝑉𝑉 = 𝑉𝑉t 𝑉𝑉b⁄ , where 𝑉𝑉b  and 𝑉𝑉t  represent the volumes of bottom and tip sides, 
respectively. 𝑟𝑟𝑉𝑉  is a constant approximately when θ  is changed. At the small angle θ  ~ 0°, both 
𝑉𝑉b  and 𝑉𝑉t are small. In this case the nanocone is somewhat similar to a nanowire because the 
sizes of the bottom and tip sides are small, and thus phonon localizations can be found in both 
sides. At the angle θ ~ 180°, however, both 𝑉𝑉b  and 𝑉𝑉t become very large, i.e., the nanocone is 
similar to a bulk, in which the localized modes evolve into bulk phonon modes. From this point 
of view, the two limiting cases are of small geometric asymmetry, while the maximum geometric 
asymmetry is at θ ~ 90°. Therefore, the transition of R occurs. 
4.  CONCLUSIONS 
In conclusion, we have studied the thermal rectification properties of 3D Si nanocones by 
using molecular dynamics simulations. The results show that the R of the nanocones does not 
increase monotonically with geometric asymmetry. A transition of R appears at θ = 90°: below 
this angle, R increases with geometric asymmetry, while above this angle, R decreases with 
geometric asymmetry. The vDOS spectra, phonon participation ratio, and spatial distribution 
energy are all in support of the calculated unconventional transition and reveal that the transition 
is caused by the different evolution speed of phonon modes at the two sides of the nanocones. 
Finally, we hope some experiments can be carried out to validate and extend our findings.  
Acknowledgments  
 16 
 
We thank discussion with T. M. Lu. This work was supported by the National Natural Science 
Foundation of China (Nos.51176161, 51376005 and 11474243). SBZ was supported by the US 
National Science Foundation DMR-1305293. 
Corresponding author: * chenyp@xtu.edu.cn; † zhangs9@rpi.edu. 
REFERENCES  
[1] L. Wang and B. Li 2008 Phys. Rev. Lett. 101 267203 
[2] N. Li, J. Ren, L. Wang, G. Zhang, P. Hänggi and B. Li 2012 Rev. Mod. Phys. 84 1045 
[3] A. A. Balandin and D. L. Nika 2012 Mater. Today 15 266 
[4] V. Laude, A. Khelif, S. Benchabane, M. Wilm, T. Sylvestre, B. Kibler, A. Mussot, J. M. 
Dudley and H. Maillotte 2005 Phys. Rev. B 71 045107 
[5] L. Wang and B. Li 2008 Phys. World 21 27 
[6] L. Wang and B. Li 2007 Phys. Rev. Lett. 99 177208 
[7] B. Li, L. Wang and G. Casati 2004 Phys. Rev. Lett. 93 184301 
[8] W. Yu, M. Wang, H. Xie, Y. Hu and L. Chen 2016 Appl. Therm. Eng. 94 350 
[9] C. W. Chang, D. Okawa, A. Majumdar and A. Zettl 2006 Science 314 1121 
[10] N. Yang, G. Zhang and B. Li 2008 Appl. Phys. Lett. 93 243111 
[11] D. Segal and A. Nitzan 2005 Phys. Rev. Lett. 94 034301 
[12] M. Terraneo, M. Peyrard and G. Casati 2002 Phys. Rev. Lett. 88 094302  
[13] N. A. Roberts and D. G. Walker 2011 Int. J. Therm. Sci. 50 648 
[14] G. Rogers 1961 Int. J. Heat Mass Transfer 2 150 
[15] M. Hu, P. Keblinski and B. Li 2008 Appl. Phys. Lett. 92 211908 
[16] C. Dames 2009 J. Heat Transfer 131 061301 
[17] M. Hu, J. V. Goicochea, B. Michel and D. Poulikakos 2009 Appl. Phys. Lett. 95 151903 
[18] C. Melis, G. Barbarino and L. Colombo 2015 Phys. Rev. B 92 245408  
[19] X.-K. Chen, Z.-X. Xie, W.-X. Zhou, L.-M. Tang and K.-Q. Chen 2016 Carbon 100 492 
[20] K. G. S. H. Gunawardana, K. Mullen, J. Hu, Y. P. Chen and X. Ruan 2012 Phys. Rev. B 85 
245417 
 17 
 
[21] K. Yang, Y. Chen, Y. Xie, X. L. Wei, T. Ouyang and J. Zhong 2011 Solid State Commun. 
151 460 
[22] N. Yang, G. Zhang and B. Li 2009 Appl. Phys. Lett. 95 033107 
[23] T. Ouyang, Y. Chen, Y. Xie, X. L. Wei, K. Yang, P. Yang and J. Zhong 2010 Phys. Rev. B 
82 245403 
[24] J. Lee, V. Varshney, A. K. Roy, J. B. Ferguson and B. L. Farmer 2012 Nano Lett. 12 3491 
[25] J. Hu, X. Ruan and Y. P. Chen 2009 Nano Lett. 9 2730 
[26] Y. Wang, S. Chen and X. Ruan 2012 Appl. Phys. Lett. 100 163101 
[27] B. Li, J. Lan and L. Wang 2005 Phys. Rev. Lett. 95 104302 
[28] Y. Wang, A. Vallabhaneni, J. Hu, B. Qiu, Y. P. Chen and X. Ruan 2014 Nano Lett. 14 592 
[29] J. Lan and B. Li 2007 Phys. Rev. B 75 214302 
[30] S. Plimpton 1995 J. Comput. Phys. 117 1 
[31] F. H. Stillinger and T. A. Weber 1985 Phys. Rev. B 31 5262 
[32] Z. Wang and Z. Li 2006 Appl. Therm. Eng. 26 2063 
[33] M. Yang, H. Yu, X. Sun, J. Li, X. Li, L. Ke, J. Hu, F. Wang and Z. Jiao 2011 Solid State 
Commun. 151 127 
[34] S. Jeong, E. C. Garnett, S. Wang, Z. Yu, S. Fan, M. L. Brongersma, M. D. McGehee and Y. 
Cui 2012 Nano Lett. 12 2971 
[35] J. M. Dickey and A. Paskin 1969 Phys. Re. 188 1407 
[36] J. Lan and B. Li 2006 Phys. Re. B 74 214305  
[37] J. Feldman and N. Bernstein 2004 Phys. Rev. B 70 235214 
[38] A. Bodapati, P. Schelling, S. Phillpot and P. Keblinski 2006 Phys. Rev. B 74 245207  
[39] J. Chen, G. Zhang and B. Li 2010 Nano Lett. 10 3978 
[40] L. Yang, N. Yang and B. Li 2014 Nano Lett. 14 1734 
 
